We compare three different models of rotating neutron star spacetimes: the HartleThorne (1968) slow-rotation approximation, the exact analytic vacuum solution of Manko et al. (2000a Manko et al. ( , 2000b , and a numerical solution of the full Einstein equations. In the first part of the paper we estimate the limits of validity of the slow-rotation expansion by computing relative errors in the spacetime's quadrupole moment Q and in the corotating and counterrotating radii of Innermost Stable Circular Orbits (ISCOs) R ± . We integrate the Hartle-Thorne structure equations for five representative equations of state, keeping terms up to second order in the stellar angular velocity. Then we match these models to numerical solutions of the Einstein equations, imposing the condition that the gravitational mass and angular momentum of the models be the same. We find that the Hartle-Thorne approximation gives very good predictions for the ISCO radii, with R ± accurate to better than 1% even for the fastest observed millisecond pulsar. At these rotational rates the accuracy on Q is ∼ 20%, and better for longer periods. In the second part of the paper we focus on the exterior vacuum spacetimes, comparing the Hartle-Thorne approximation and the Manko analytic solution to the numerical models using Newman-Penrose (NP) coordinate-independent quantities. For all three spacetimes we introduce a physically motivated 'quasi-Kinnersley' NP frame. In this frame we evaluate a quantity, the speciality index S, measuring the deviation of each stellar model from Petrov Type D. Deviations from speciality on the equatorial plane are smaller than 5% at star radii for the faster rotating models, and rapidly decrease for slower rotation rates and with distance. Our main conclusion is that the Hartle-Thorne approximation is very reliable for most astrophysical applications.
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ABSTRACT
We compare three different models of rotating neutron star spacetimes: the HartleThorne (1968) slow-rotation approximation, the exact analytic vacuum solution of Manko et al. (2000a Manko et al. ( , 2000b , and a numerical solution of the full Einstein equations. In the first part of the paper we estimate the limits of validity of the slow-rotation expansion by computing relative errors in the spacetime's quadrupole moment Q and in the corotating and counterrotating radii of Innermost Stable Circular Orbits (ISCOs) R ± . We integrate the Hartle-Thorne structure equations for five representative equations of state, keeping terms up to second order in the stellar angular velocity. Then we match these models to numerical solutions of the Einstein equations, imposing the condition that the gravitational mass and angular momentum of the models be the same. We find that the Hartle-Thorne approximation gives very good predictions for the ISCO radii, with R ± accurate to better than 1% even for the fastest observed millisecond pulsar. At these rotational rates the accuracy on Q is ∼ 20%, and better for longer periods. In the second part of the paper we focus on the exterior vacuum spacetimes, comparing the Hartle-Thorne approximation and the Manko analytic solution to the numerical models using Newman-Penrose (NP) coordinate-independent quantities. For all three spacetimes we introduce a physically motivated 'quasi-Kinnersley' NP frame. In this frame we evaluate a quantity, the speciality index S, measuring the deviation of each stellar model from Petrov Type D. Deviations from speciality on the equatorial plane are smaller than 5% at star radii for the faster rotating models, and rapidly decrease for slower rotation rates and with distance. Our main conclusion is that the Hartle-Thorne approximation is very reliable for most astrophysical applications.
INTRODUCTION
Pulsars are observed to rotate with periods as small as 1.56 ms (Backer et al. 1982 , Kulkarni 1995 , Chakrabarty et al. 2003 . Fast rotation is also very important in newly-born neutron stars, which may undergo secular and dynamical instabilities (Andersson & Kokkotas 2001 , Kokkotas & Ruoff 2002 ). An accurate modelling of the spacetime of rotating stars is therefore important both in astrophysical studies and in investigations of sources of gravitational waves. The aim of this paper is to compare two relativistic approximate models, the slow rotation expansion of Hartle & Thorne (1968, henceforth HT) and the exact vacuum solution by Manko et al. (Manko 2000a (Manko , 2000b , with a full generalrelativistic numerical one, quantifying the range of validity of the HT expansion and studying the possible overlap of the two approximations.
The Schwarzschild metric describes either a black hole (BH) or the exterior of a non-rotating star: this is a wellknown consequence of Birkhoff's theorem. In contrast, the rotating Kerr BH metric describes a rotating star only to linear order in rotational velocity. At higher orders, the multipole moments of the gravitational field created by a rapidly rotating compact star differ from those of a BH. This difference in the multipolar structure has important consequences for the observation of the electromagnetic and gravitational radiation from these objects. For example, the detection of gravitational waves emitted by particles in orbit around BHs and compact stars can be used, in principle, to map the multipolar structure of the corresponding spacetime and check the validity of the BH no-hair theorem (Ryan 1995 (Ryan , 1997 Collins & Hughes 2004) .
A relatively simple description of the spacetime of rotating stars was developed many years ago by Hartle and collaborators (Hartle 1967 , Hartle & Thorne 1968 ; see also Chandrasekhar & Miller 1974 ) using a slow rotation expansion, that is, an expansion in the parameter ǫ = Ω/Ω * . Here Ω is the star's angular velocity and Ω * = (M/R 3 ) 1/2 is a rotational scale set by the Keplerian frequency of a test particle sitting on the equator of a non-rotating star model with gravitational mass M and radius R (throughout this paper we use geometrical units, G = c = 1). In the Newtonian limit, uniformly rotating polytropic stars shed matter at the equator at a mass-shedding frequency which is roughly given by ΩK ≃ (2/3) 3/2 Ω * . This is not true in a general relativistic framework (see eg. Stergioulas 2003) . However Ω * does give an order of magnitude estimate of the mass shedding frequency, so we can roughly expect the HT treatment to break down when ǫ ∼ 1.
The HT method allows a systematic computation of the interior and exterior structure at successive orders in ǫ. At order ǫ, deviations from non-rotating stellar models are due to the relativistic frame dragging, but the stellar structure is still spherical. Deviations from sphericity, which are measured by the star's quadrupole moment, appear at order ǫ 2 . Of course, being a slow-rotation expansion, the HT metric is expected to lose accuracy as the star spins faster and faster, but the limits of validity of the approximation are not well understood: despite the astrophysical relevance of fast rotation, there have been only a few attempts to quantify the accuracy of the HT solutions. Weber & Glendenning (1992) compared the slow-rotation expansion with early numerical results by Friedman et al. (1986) . Their comparison led to 'compatible results' down to rotational Kepler periods PK ≃ 0.5 ms. However their self-consistency equation [Eq. (7) in Weber & Glendenning (1992) ] to determine the massshedding frequency is not consistently truncated at second order in angular velocity, as it should be. This is presumably one of the reasons their method becomes very inaccurate close to the limiting-mass model.
Numerical solutions for uniformly rotating stars can now be obtained in both the slow and fast-rotation regimes. The HT approximation is quite simple to implement: our own numerical code will be described in Section 3. In contrast, a solution of the Einstein equations for rapidly rotating models is non-trivial. Komatsu, Eriguchi and Hachisu (1989) devised a self-consistent method to solve the full Einstein equations, which was later improved by Cook, Shapiro and Teukolsky (1994, henceforth CST) . Stergioulas' RNS code (Stergioulas & Friedman 1995 ) is a variant of the CST code which has been extended to allow for strange-star matter equations of state (EOSs), differential rotation, computation of multipole moments and so on. A very accurate spectral method for computing rapidly rotating stellar models was independently developed by Bonazzola et al. (1998) , and became part of the numerical relativity library LORENE. Nozawa et al. (1998) showed that the different numerical methods are in remarkable agreement, typical differences being of order 10 −3 or smaller for smooth EOSs. A new multi-domain spectral method has been introduced by Ansorg et al. (2002) , who achieved near-machine accuracy for uniform density stars; their results are in very good agreement with those of the other groups. The RNS code therefore provides a numerically accurate description of fast-rotating relativistic stars. Berti & Stergioulas (2003, henceforth BS) used the code to compute constant rest-mass (so-called evolutionary) sequences of three types using five realistic EOSs. The first type mimics the evolutionary track of a canonical neutron star having gravitational mass M = 1.4M⊙ in the nonrotating limit. The second type has the maximum gravitational mass M = Mmax allowed by the given EOS in the non-rotating limit. In the following, we will sometimes refer to these sequences as type '14' and type 'MM'. The third type is supramassive: its baryon mass is larger than allowed by the non-rotating Tolman-Oppenheimer-Volkoff (TOV) equations. A supramassive sequence does not terminate with a non-rotating model: the stability of supramassive sequences is only allowed by centrifugal forces balancing the attraction of gravity. One of the main purposes of this paper is to compare the HT approximation with numerical rotating neutron star models. Such a comparison is (in general) not possible for supramassive models: for this reason we will not consider them in the following.
Another method of approximating the exterior spacetime takes the form of a multipole expansion far from the star, and has been used by Shibata & Sasaki (1998) to derive approximate analytic expressions for the location of the Innermost Stable Circular Orbits (ISCOs) around rapidly rotating relativistic stars. Their multipole expansion can be used to quantify deviations from the predictions of the Kerr metric. The analytic solutions converge slowly to exact numerical solutions at the surface of the star, but their predictions for ISCOs are in good agreement with numerical results. Unfortunately, the Shibata-Sasaki multipole expansion is not of general applicability, since it has only been applied to the computation of ISCOs. Furthermore, the relevant multipole moments must be computed numerically for each model one wants to analyze, and then plugged into the relevant formulas.
Approximate analytic models for fast rotating stars which include only the most relevant multipolar structure of the exterior spacetime (that is, the lowest-order mass and current multipoles) would be very useful for astrophysical applications. In this paper we focus on an interesting family of solutions found by Manko et al. (2000a Manko et al. ( , 2000b . They used Sibgatullin's method (Sibgatullin 1991) , which has the advantage that the multipolar structure of the spacetime can be prescribed a priori, to find an exact, nine-parameter, analytic solution of the Einstein-Maxwell equations. They proposed a five parameter sub-case as an approximate description of a rapidly rotating neutron star (Manko 2000b) . Ignoring charge and magnetic moment the free parameters reduce to three. This three-parameter solution is an exact solution of the Einstein equations in vacuum, but it only provides an approximate description of a neutron star exterior. Indeed it only contains four out of the a priori infinite number of multipole moments: gravitational mass M , angular momentum J, mass quadrupole moment Q and current octupole moment S3.
BS showed that, despite this limited multipolar content, the Manko solution approximates rather well the field of a rapidly rotating neutron star in the fast rotation regime. They used the three parameters of the analytic solution to match the dominant multipole moments (M , J and M2 = −Q) to given numerical models. They found that an indicative measure of the deviation of the Manko metric from the numerical metric is given by the relative error in the first non-freely adjustable multipole moment: the current octupole S3. A comparison with the ISCO calculations by Shibata & Sasaki confirms that a systematic, consistent inclusion of relevant multipole moments is the key to reproducing the properties of the exterior gravitational field. BS found a peculiar characteristic feature of the Manko solution: the solution's quadrupole moment cannot be matched to the quadrupole moment of numerically computed spacetimes for slow rotation rates. Therefore, it is of interest to understand whether the regimes where the HT and the Manko metrics are applicable are completely distinct, or have some range of Ω in common. The aim of this paper is to compare the HT slow rotation expansion and the exact vacuum solution by Manko et al. with the full general-relativistic numerical CST spacetime, quantifying the range of validity of the HT expansion and the deviations of these spacetimes from Petrov Type D. In this comparison we will assume that our numerical models, obtained using the RNS code, are exact (within their numerical accuracy, that is of the order of 10 −4 in each computed quantity). A brief overview of the three different spacetimes we consider in this paper is presented in Section 2, where we also introduce our notation.
The rest of the paper consists of two parts. In the first we integrate the HT equations of structure for the same set of 'realistic', nuclear physics motivated EOSs examined in BS (Section 3). From the stable models in the HT sequence we choose those which have the same gravitational mass and angular momentum as a given numerical model. The procedure to do this is developed in Section 3.1. It turns out, as expected, that such a matching to the full numerical spacetime is only possible below some critical value of Ω, which depends on the chosen sequence and on the EOS.
In Section 4 we quantify deviations of the HT and CST spacetimes. A trustworthy measure of the deviation is given by the relative error in the first non-freely adjustable multipole moment in the HT spacetime: M2 = −Q. Picking a representative EOS we show that deviations in Q are at most ∼ 20% at the rotation rates corresponding to the fastest observed millisecond pulsar PSR J1939+2134 (Backer et al. 1982) , for both mass sequences. We also use some recent results by Abramowicz et al. (2003) to compute the ISCO radii predicted by the HT approximation for sequences of slowly-rotating models. We find an interesting result: the HT approximation gives an excellent approximation to the ISCO predicted by numerical solutions, relative errors being smaller than 1 % for astrophysically relevant rotation rates, down to the 1.5 ms period of PSR J1939+2134.
In the second part of the paper we compare the three vacuum exterior spacetimes, focusing on invariant quantities, and looking at their Petrov classification. In a nutshell, the Petrov classification of a spacetime depends on which of the Weyl scalars can be set to zero by suitable tetrad rotations (Chandrasekhar 1983 , Stephani et al. 2003 , Stephani 2004 . The Kerr metric is of Petrov Type D, hence algebraically special. In general, rotating perfect fluid spacetimes will not be of Type D (see eg. Fodor and Perjès 2000) , but will be of (general) Type I. Our invariant comparison of the three different models involves quantifying the deviation of each metric from speciality. Indeed one might wish to assume (for example in perturbative calculations of gravitational wave emission) that rotating neutron star spacetimes are in some sense 'close' to Type D. Then one should develop a tool to quantify their 'non-Type-D-ness': here we use the curvature invariant speciality index S introduced by Baker & Campanelli (2000) . Each metric is expressed in different coordinates, so we evaluate S at the stellar radius, a physically identifiable radial location. This quantity may also indicate whether it is sensible to carry out perturbative calculations on neutron star backgrounds in a 'Type-Dapproximation', and to extract the gravitational wave content of the spacetime through a Teukolsky-like formalism. In this paper, however, we will focus only on calculations of the Weyl scalars in the background spacetimes.
We choose the simplest and most physically transparent tetrad to compute the Weyl scalars and to characterise the non-Type-D-ness of the spacetime. First of all we construct a transverse tetrad, in which ψ1 = ψ3 = 0, so getting rid of this tetrad gauge freedom (Szekeres 1965 ). Then we carry out a tetrad rotation to go to the canonical frame in which ψ0 = ψ4 ≡ ψ04 (Pollney et al. 2000; Re et al. 2003) , that we call symmetric. In a Type I spacetime, there are three distinct equivalence classes of transverse frames (Beetle & Burko 2002) , each containing a symmetric tetrad. Correspondingly there are three distinct ψ04's, and it turns out that each of them is a scalar curvature invariant of the spacetime (Beetle and Burko 2002) . From these three different symmetric tetrads we select a 'quasi-Kinnersley' tetrad (cf. Nerozzi et al., in preparation) , i.e. the one that directly reduces to the canonical frame for Type D when we set the parameters to reduce the metric to this type. ψ04 in this tetrad vanishes in this 'Type D limit', and so it is another invariant indicator of non-Type-D-ness.
We apply this procedure, which is described in detail in Section 5, to all three metrics. In Section 6 we show the scalars and the corresponding speciality index. We find that deviations from speciality on the equatorial plane are smaller than 5% at the stellar radius, even for the faster rotating models. These deviations rapidly decrease for slower rotation rates and at larger distances from the star. The conclusions and a discussion follow.
THE THREE METRICS
The three metrics we will consider in this paper (HT, Manko and CST) 
Ignoring terms of O(Ω 3 ), the HT metric components are (Abramowicz et al. 2003) 
where
with u = cos θ. The dimensionless angular momentum and quadrupole moment j and q are defined as:
The full Manko metric is rather lengthy and can be found in many papers (eg. Manko et al. 2000a Manko et al. , 2000b Stute & Camenzind 2002 ; BS), so we will not give it explicitly here. We only recall that it depends on three parameters: the gravitational mass M , the angular momentum per unit mass a = J/M and a third parameter b which is related to the quadrupole moment by
.
The only other non-zero multipole moment for the Manko metric is the current octupole, which is given by
For a detailed description of the CST metric we refer to the original paper (Cook et al. 1994) . The extraction of multipole moments from the CST metric and the numerical calculation of ISCOs along evolutionary sequences are discussed in BS.
In vacuum, the HT metric is equivalent to the Kerr metric at second order in J when one sets Q = J 2 /M , and reduces to the Schwarzschild solution when J = Q = 0. It is not possible to obtain Kerr directly from the Manko metric by a smooth variation of the real parameters a, M and b. In other words, Kerr and Schwarzschild are not part of the 3 real parameter family of solutions described by the Manko metric. However they can be obtained by analytic continuation, setting
Schwarzschild is a special case with a = 0 and
INTEGRATION OF THE HARTLE-THORNE EQUATIONS OF STRUCTURE
In this Section we briefly sketch a few important facts related to the HT equations of structure. The relevant formalism is developed in (Hartle 1967) , and the integration method is summarized in (Hartle & Thorne 1968) . In the numerical code we used the reformulation of the equations of structure given in Appendix A of (Sumiyoshi et al. 1999) . We refer to that paper for the equations 1 . The important point we want to stress here is that the HT procedure is a perturbative approach involving different levels of approximation. The stellar structure for a nonrotating star can be obtained simply from the standard TOV equations: we can thus determine the non-rotating gravitational mass M , the stellar radius R and the value of the rotational scale Ω * = (M/R 3 ) 1/2 . We can also compute the star's binding energy EB, defined as the difference between the baryonic mass M b and the gravitational mass M :
As we said in the Introduction, the HT metric is based on a slow rotation expansion in the parameter
1 Comparing with the HT original papers, we found that Appendix A of (Sumiyoshi et al. 1999 ) contains a few typos:
• In Equation (A11), r 4 should be replaced with r 2 ξ.
• In Equation (A14), R 4 should be replaced with r 4 .
• In the last factor of Equation (A15), r(r − 2m) should be replaced with (r − 2m).
• In Equation (A36), p should be replaced with ρc.
• In Equation (A41), e −ν/2 should be replaced with e ν/2 .
• In Equation (A54), ξ 0 should be replaced with ξ 2 .
Notice also that Sumiyoshi et al. do not explicitly give boundary conditions at the center for the 'particular' solutions h p 2 , v p 2 . These boundary conditions are given in equations (128)- (130) of Hartle (1967) ; however, in equation (130) of Hartle's paper the factor 4π should be replaced by 2π.
The general relativistic frame dragging produces effects at order ǫ. In particular, imposing the appropriate matching conditions on the frame dragging variable at the stellar radius we can determine the angular momentum, which scales linearly with the perturbation parameter ǫ:
Following the original HT papers we will present numerical results for ǫ = 1. For notational clarity we will mark quantities computed for ǫ = 1 by a superscript asterisk. The physical parameters of a rotating model for general values of ǫ can be obtained from simple (linear or quadratic) scaling relations similar to Eq. (10). At linear order in ǫ, once we have computed J, we can also compute the radius of gyration Rg, defined so that the moment of inertia is I = M R 2 g :
Deformations from sphericity are second-order effects in the stellar angular velocity. The stellar eccentricity can be computed as
where Re and Rp are the stellar coordinate radii at the equator and at the pole, respectively 2 . The quadrupole moment Q can be invariantly defined as the leading coefficient in the asymptotic behavior at large distances from the origin of the eccentricity of a family of spheroidal surfaces where the norm of the timelike Killing vector is constant. The stellar eccentricity es, the quadrupole moment Q, corrections δM to the non-rotating gravitational mass, corrections δEB to the binding energy and corrections δR to the non-rotating coordinate radius all scale as ǫ 2 :
In particular, for a fixed value of the central density, this means that a stellar model rotating with angular velocity Ω = ǫΩ * has a gravitational mass
We checked our numerical code by reproducing the results shown in Hartle & Friedman (1975) for polytropic EOSs. We found agreement on all significant digits for the quantities we have just defined. Then we chose the same set of 'realistic' EOSs used in BS, verifying that in the non-rotating limit our numerical results are consistent with Stergioulas' RNS code (described in Stergioulas & Friedman 1995) .
For any given 'realistic' EOS, we can construct a sequence of rotating models by integrating the HT structure equations for a series of values of the central density. Our results are summarized in Tables 1-5 . The chosen central density ρc, radius R, gravitational mass M , binding energy EB and Ω * are listed in the first five columns (marked by ǫ 0 , since they do not depend on rotational corrections). At order ǫ we list the value of the radius of gyration R * g (from which the angular momentum J * can be easily obtained) and of the frame dragging function ω * c at the center (normalized by Ω * ). Finally we list the second-order quantities δR
) and e * s . Let us stress again that although Ω * is not the massshedding limit in a general relativistic framework, because of its physical meaning it does give an order of magnitude estimate of the mass shedding frequency, and so we can expect the HT treatment to break down when ǫ ∼ 1.
Matching the Hartle-Thorne and numerical spacetimes
The solutions of the TOV equations for a given EOS form a one-parameter family, where, for example, one can use the star's central density ρc as the parameter. Similarly, solutions of the HT equations of structure form a two-parameter family. Natural parameters to label each model are the central density ρc and the rotational parameter ǫ. Consider one (any) of the stellar models belonging to the constant-rest mass sequences computed in BS using the RNS code. We identify the HT model corresponding to this fully numerical calculation by matching the gravitational mass M and J to their numerical values, sayM andJ. This involves a search in the two-dimensional space of stable HT models, which can be performed as follows. Fix a value of the central density ρc, and integrate the HT equations of structure. Imposing J (ǫ) =J fixes the expansion parameter to be:
Then, if we also want to match the gravitational mass, from Eqs. (14) and (15) we get:
Of course the latter equation will not be satisfied for all values of the central density. Since M , J * and δM * depend on ρc, to identify the HT model matching the given values of (M ,J ) we need to solve equation (16), thought of as a function of ρc. In particular, since the HT expansion is a small-ǫ approximation, we expect to find solutions only for small values of the angular momentumJ. This turns out to be indeed the case.
To solve equation (16) we adopt the following procedure. To fix ideas, suppose we look at the constant-rest mass 14 sequence, and we want to match a CST numerical model having angular momentumJ and massM . We first integrate the non-rotating model and compute the function:
For the non-rotating model only, δM * = 0. Since the mass corrections δM * induced by rotation are always positive, we then decrease the central density, we integrate another model, and we look again at the value of the function (17). We keep on decreasing ρc until (17) changes sign; this gives an approximate indication of the location of the matching model. To locate this model with a given accuracy (that we set to 10 −5 ) we actually search for the root of equation (17) using bisection.
In Table 6 we show some basic features of the matching models for the five EOSs we consider (listed from top to bottom). The HT models we compute are matched to the slowest-rotating models of the evolutionary sequences presented in Tables 1-5 of BS: as we mentioned earlier, equation (17) has no solutions beyond some critical rotation rate.
For each EOS, on top we present matching models for the 14 sequence; separated by an horizontal line, we present matching models for the MM sequence. From left to right we list: the central densityρc for which we find a matching solution (if such a central density exists); the value of ǫ =J /J * at the given central density; the gravitational massM and the angular momentumJ , in geometrical units; the value of the quadrupole moment predicted by the HT equations of structure for the selected model, which scales as ǫ 2 , and is given by
and finally,
that is, the percentage deviation of the HT quadrupole moment from its value Q for the numerical spacetime, which can be found in Tables 1-5 of BS.
HOW ACCURATE IS THE SLOW-ROTATION EXPANSION?
In the previous Section we have seen how, given a numerical solution of the full Einstein equations with gravitational mass M =M and (small enough) angular momentum J =J , we can construct a HT model matching the given values of M and J. Our purpose in this Section is to give two alternative, quantitative estimates of the difference between each of the HT matching models and the corresponding numerical model. The first estimate will be based on the calculation of the spacetimes' quadrupole moment as a function of the rotation rate; the second, on the calculation of the ISCO radii.
Deviations in the quadrupole moment
The matching models described in Section 3.1 are constructed by imposing that the first mass multipole M and the first current multipole J be the same as in the numerical spacetime. The HT solution is a two-parameter family: once ρc and ǫ are specified, the whole multipolar structure of the HT spacetime is. In particular, at second order in ǫ the HT structure equations predict a specific value for the quadrupole moment Q HT . Since multipole moments are global features of a spacetime (Fodor, Hoenselaers & Perjès 1989) , we can (in some sense) measure the 'distance' of the HT spacetime from the numerical spacetime by looking at the difference between the value Q HT predicted by the HT code, and the exact value Q predicted by the RNS code. That is, we compute the relative deviation 
We expect this deviation to increase with the rotation rate: an explicit calculation shows that this is indeed the case.
As shown in Table 6 , matching models -that is, solutions of Eq. (17) -only exist up to some critical value of the angular momentum J (and of the expansion parameter ǫ) where the HT approximation breaks down, and is unable to reproduce the numerical results. The deviation of Q HT from the 'true' numerical value when ǫ ≃ 0.2 depends slightly on the EOS, but it is typically ∼ 10% for the 14 sequence and ∼ 20% for the MM sequence. For the 14 sequence, the relative error becomes larger than 20 % when ǫ ∼ 0.4. From Table 6 one can see that deviations are not very sensitive to the EOS: for example, when ǫ ∼ 0.4 the relative error for the MM sequence ranges (roughly) between 25 % and 30 %. At fixed ǫ, ∆Q/Q is larger for the MM sequence than for the 14 sequence. However recall that Q is generally larger for low-mass evolutionary sequences, where gravity is weaker and centrifugal effects give the star a more oblate shape. Deviations in the ISCO radii, as given by Eq. (21) below, depend on the absolute value of Q. Since Q is larger for the 14 sequence, and percentage errors induced by the HT approximation are comparable to those for the MM sequence, the HT approximation should induce larger errors in the ISCO for the low-mass 14 sequence. This will be explicitly shown in Section 4.2. Table 6 contains only a few slow-rotating models for each EOS. To get a better idea of what happens in the slowrotation regime we have selected EOS FPS (which is quite average in terms of stiffness) and computed more numerical models for small values of J (that is, for small values of ǫ). Namely, we used the RNS code to compute 11 constant rest-mass models for both the 14 and the MM sequences, spanning the range ǫ = 0 to ǫ ∼ 0.5. To each of these models we matched a HT model. Results for the relative deviations in the quadrupole moment are shown in Fig. 1 . The convergence to zero as ǫ → 0 is rather smooth, especially for the FPS 14 sequence. As we pointed out before, the relative error ∆Q/Q is of the same order of magnitude in both cases, but it is systematically larger for the FPS MM sequence than for the FPS 14 sequence.
Deviations in Innermost Stable Circular Orbits
The exterior vacuum metric for a HT model truncated at second order in ǫ depends only on M , J and Q = Q HT . In particular, once we have computed these multipole moments we can use them to compute the coordinate ISCO radius using the results by Abramowicz et al. (2003) . Using the dimensionless quantities j and q introduced in Eq. (5)
where r+ refers to corotating orbits, and r− to counterrotating orbits. The comparison of the HT ISCO radii as given by Eq. (21) to numerical results from the RNS code provides an alternative measure of the difference between a numerical model and the corresponding HT matching model. We consider again the slow-rotating evolutionary sequence for EOS FPS described in Section 4.1. For each model along this evolutionary sequence we compute M , J and Q HT , and we plug those values in Eq. (21) to compute the coordinate ISCO radii. Then we can easily compute the circumferential ISCO radii for these equatorial orbits as
and compare our results with the numerical value of the circumferential ISCO radii 3 as obtained from RNS. In Fig. 2 we show results for the FPS 14 sequence (top panel) and for the FPS MM sequence (bottom panel). In each panel we plot together, as functions of ǫ: 1) the circumferential radii R of the stars, 2) the corotating ISCOs R+, 3) the counterrotating ISCOs R−. Filled symbols are obtained from RNS, and empty symbols correspond to the HT matching models. The circumferential radius for each matching model is just
where Re is the coordinate equatorial radius, obtained by integrating the HT equations of structure. It is evident from Fig. 2 that for neutron stars of canonical mass M ≃ 1.4M⊙ the deviation of HT from the full numerical solution is larger. However, even in that case the HT approximation gives very accurate predictions both for the stellar equatorial radii and for the ISCO radii up to ǫ ≃ 0.3. In particular, the fastest rotating model in the FPS 14 sequence for which a corotating ISCO exists has ǫ = 0.318 and a spin frequency in physical units ν phys = Ω phys /2π = 599 s −1 , corresponding to an orbital period P = 1.67 ms. Therefore our calculation shows that the HT approximation accurately predicts ISCO radii down to periods which are 3 These are given by R ± = Re + h ± in the notation of CST and BS. comparable to that of the fastest observed millisecond pulsar, PSR J1939+2134, spinning at P = 1.56 ms (Backer et al. 1982) .
Relative errors for corotating and counterrotating ISCOs are shown in Fig. 3 for both the FPS 14 and FPS MM sequences. In this plot we use the same convention as in BS: ǫ < 0 corresponds to counterrotating orbits. Of course errors tend to zero as ǫ → 0. The error for counterrotating ISCOs monotonically increases for large ǫ; the error for corotating ISCOs does not (at least for the FPS MM sequence) and it is typically extremely small (below 5 parts in a thousand, roughly the same accuracy as our numerical runs of the RNS code).
As anticipated in Section 4.1, ISCO radii for the MM sequence agree better with the numerical results. Stars in the lower-mass FPS 14 evolutionary sequence have larger Q (they are more oblate), and relative errors in Q for both sequences are roughly comparable. Therefore effects due to the quadrupole moment on the location of the ISCO are larger for the lower-mass sequence. Notice also that, although devi- ations in the quadrupole moment can be as large as 20 % for stars rotating with ǫ ∼ 0.3, the relative errors on the ISCO are typically smaller than 1 % at the same rotation rates. This can be understood by looking at Eq. (21). For small rotation rates we have seen in Section 3 that q = aj 2 , where a is a constant of order unity. This scaling property is actually more general, applying also to numerical solutions with large rotation rates: Laarakkers & Poisson (1999) showed that a depends on the EOS and on the mass of the stellar model, ranging between a ≃ 2 for high-mass models with soft EOSs and a ≃ 12 for low-mass models with stiff EOSs (cfr. their Table 7 ; see also Miller 1977 for similar results in the HT approximation). The numerical coefficient of the j 2 -dependent correction in Eq. (21) is ≃ −0.226, while the numerical coefficient of the q-dependent correction is ≃ 0.176: that is, the two coefficients are roughly equal in magnitude but opposite in sign. For this reason, shape-dependent effects in the ISCO (which are O(ǫ 2 )) tend to cancel for small rotation rates. This explains why the HT approximation does such a good job in predicting the ISCO radii.
To better illustrate the physical significance of our results, in Fig. 4 we plot the relative errors in the quadrupole moments (top panel) and in the ISCO radii (bottom panel) as a function of the spin period P (in milliseconds) of our rotating stellar models. In both panels we mark by a vertical line the spin frequency of the fastest observed millisecond pulsar PSR J1939+2134 (Backer et al. 1982) . The relative error in Q for a pulsar spinning as fast as PSR J1939+2134 is of order 20 %, and this is quite independent of the stellar mass. Remarkably, the relative error in corotating and counterrotating ISCOs induced by the HT approximation is smaller than 1 %, even when the pulsar rotates with a period as small as 1.5 ms. This upper limit on deviations in the ISCO applies both to the FPS 14 sequence and to the FPS MM sequence. Figure 4 . The top panel shows the relative error in the quadrupole moment for the FPS 14 sequence (squares) and the FPS MM sequence (circles) as a function of the spin period P of the star (in milliseconds). The bottom panel shows the relative error for corotating (R + ) and counterrotating (R − ) ISCO radii for the FPS 14 sequence (squares) and the FPS MM sequence (circles) as a function of P . In both panels, the vertical line marks the spin frequency of the fastest observed millisecond pulsar PSR J1939+2134.
WEYL SCALARS IN A QUASI-KINNERSLEY FRAME
In the remainder of this paper we concentrate on the vacuum surrounding our rotating stellar models. We use quantities typical of the Newman-Penrose formalism (Chandrasekhar 1983 , Kramer et al. 2003 , Stephani 2004 , computing the Weyl scalars for the HT, Manko and CST spacetimes. In Section 5.1 we introduce the necessary formalism, defining what may be called the 'quasi-Kinnersley' frame (Nerozzi et al., in preparation) . Then (in Section 5.2) we present the simple analytical results we obtained for the HT metric. In Section 6 we give numerical results for all three spacetimes.
In particular we compute and compare the speciality index S, which gives a measure of the non-Type-D-ness of each spacetime as a function of the rotation rate.
The quasi-Kinnersley tetrad
We introduce a Newman-Penrose null tetrad {l a , n a , m a ,m a } satisfying the usual orthonormality conditions: l a na = 1, m am a = −1, all other products zero. The Weyl scalars are the usual contractions of the Weyl tensor,
The speciality index (Baker & Campanelli 2000) is defined as
where the curvature invariants I and J can be expressed as
We use the additional conventions that an NP tetrad with ψ1 = ψ3 = 0 is called transverse (Beetle & Burko 2002) , and that if further ψ0 = ψ4 then it is called symmetric, in which case we may refer to ψ0 = ψ4 as ψ04.
The interpretation of the Weyl scalars in the context of BH perturbation theory is that ψ0 represents radiation along the l a direction, ψ4 represents radiation along the n a direction, while ψ2 describes the Coulomb effect due to the presence of a central mass and the frame dragging of the background Kerr spacetime. ψ1 and ψ3 are longitudinal effects of no physical interest that can be set to zero by the remaining tetrad freedom (Teukolsky 1973 , Stewart & Walker 1974 . In our case, however, and in general for a stationary spacetime of Petrov Type I, ψ0 and ψ4 represent transverse curvature deviations (cf. Szekeres 1965) from the Coulombian ψ2 field due to rotation: see Eq. (39). It is useful then to consider only transverse frames. In a Type D spacetime a frame can be found in which ψ2 is the only non-zero scalar: we refer to this as the Kinnersley frame (cf. Teukolsky 1973) . With an appropriate choice of parameters (see below) both the Manko and the HT metrics can be reduced to Type D spacetimes (i.e. Schwarschild and Kerr). Here we work in the symmetric tetrad which, under these parameter choices, becomes the Kinnersley frame. In this tetrad ψ04 is an effect due solely to the non-Type-D-ness of the full metrics. We call this tetrad the 'quasi-Kinnersley' tetrad (Nerozzi et al., in preparation) .
In a Type I spacetime, there are three distinct equivalence classes of transverse tetrads (Beetle & Burko 2002) . Each class consists of all those transverse tetrads that can be related to each other by either the exchange freedom l a ↔ n a , or by a class III rotation 4 :
We find one particular transverse tetrad by making the ansatz that the null vectors of the tetrad should be linear combinations of the Killing vectors ξ a and ϕ
We then impose the NP tetrad inner product conditions and make particular (arbitrary) choices of the remaining free parameters and signs (different choices may result in a different tetrad, but this would be related to the first by a class III rotation, and so would be in the same equivalence class).
The result is
To pick out a particular member of a class of tetrads one can choose the symmetric tetrad. This can always be found from a transverse tetrad through the following class III rotation ψ2 = ψ2,ψ04 ≡ψ0 =ψ4 = ψ0ψ4, (32)
where theψ's are in the symmetric tetrad, the ψ's are in the non-symmetric tetrad and an overbar means complex conjugate. We do not write down the expressions for the tetrad vectors in the symmetric frame, since the parameters A and θ are very long if written out in full, making the expression unenlightening, but it is worth noting that since this is a class III rotation, the directions of the l a and n a vectors do not change. We will call the above tetrad, built on the Killing vectors, T1. Using a method suggested by Burko (2003) we can show that if the non-zero scalars in the symmetric version of T1 are ψ T1 04 and ψ T1 2 then in the other two transverse symmetric tetrads (T2 and T3) the non-zero scalars are given by:
Hence, once the scalars in one transverse tetrad are known, it is easy to calculate those in the other two frames. We have done this in the reductions of Manko and HT to the Type D metrics described in the next section. In each case it turns out that T3 is the Kinnersley tetrad, i.e. that frame in which, for the Type D metrics, ψ2 is the only nonzero scalar. We therefore make all of the following analysis in T3. This means that we are making an analogous choice of tetrad in each metric, that all tetrad freedom is used up, and that ψ04 represents a pure Type I effect. Indeed, it is clear from the definition (32) that each of the ψ04's in each of the three transverse symmetric tetrads is the square root of one of the three corresponding curvature invariants ('radiation scalars') introduced by Beetle & Burko (2002) 5 . However, only ψ04 in the quasi-Kinnersley frame vanishes in the 'Type D limit', and therefore its value is a measure of the deviation from Type D.
Finally, in any symmetric transverse frame (in particular, in the quasi-Kinnersley tetrad T3) Eq. (25) reduces to
S is equal to 1 in a Type D spacetime.
(1 − |S|) is also dimensionless; in this sense it is better than ψ04 as an invariant measure of the deviation from Type D. We will refer to (1 − |S|) as the Non-Type-D-ness in the following.
The Hartle-Thorne Weyl scalars in the quasi-Kinnersley frame
Discarding terms of O(Ω 3 ) and higher, the HT Weyl scalars in the quasi-Kinnersley (symmetric transverse, T3) tetrad have simple expressions:
For a Kerr BH Q = J 2 /M , and it is immediately seen that ψ04 = 0 (as it should). Checking that ψ2 reduces to the correct limit in the Kerr case is quite straightforward, as follows.
To avoid confusion, let us denote the standard BoyerLindquist coordinates for the Kerr metric as (s, α) instead of (r, θ). Then the only non-zero Weyl scalar for the Kerr metric in the Kinnersley frame is given by
5 Although each of the three ψ 04 's is defined in a specific tetrad by Eq. (32), which is not per-se invariant under tetrad rotations of Type I and II, it can actually be expressed in terms of I and J only. See Beetle and Burko (2002) for more details.
The relation between the two sets of coordinates is 6 :
Carrying out these coordinate transformations on equation (41), setting J = M a, Q = J 2 /M , and discarding terms of O(J 3 ), we get
This same expression is obtained from equation (40) when Q = J 2 /M is substituted. This confirms that in T3, with the parameters set for Kerr, we indeed have the Kinnersley frame, and that with these parameters, ψ2 is the only non-zero Weyl scalar and matches the analytically known expression. Clearly the further reduction to Schwarzschild (J = Q = 0) also gives the correct known expression for (ψ2) Schw .
The Manko and CST Weyl scalars in the quasi-Kinnersley frame
For the Manko metric we computed the Weyl scalars in the quasi-Kinnersley frame by the procedure described in Section 5.1, using the algebraic manipulation program Maple. However the final analytic expressions are very long and unenlightening, so we do not give them here. As a check, we verified numerically that in the quasi-Kinnersley frame (ψ04) M anko is zero when the Manko parameters are set to Kerr (b 2 = a 2 − m 2 ) or Schwarzschild (a = 0, b 2 = −m 2 ). For the CST metric we followed again the same procedure, but in this case we had to solve a numerical convergence problem. The Weyl scalars depend on first and second order partial derivatives of the metric coefficients. For the analytical spacetimes (HT and Manko) the computation of the scalars is a trivial process. However, for the numerical spacetime one has to invoke numerical differentiation. A second-order accurate finite-differencing for the computation of second order radial derivatives proves insufficient: the scheme is not convergent. On the contrary, second order angular derivatives are accurate enough 7 . In order to avoid problems related to the bad convergence of second order radial derivatives we use the Ricci identities in the Newman-Penrose formalism. These allow us to express all second order radial derivatives in terms of second order 6 For the HT metric to reduce to the Kerr metric we must set J = M a, Q = J 2 /M and ignore terms of O(J 3 ). Formula (A5) in (Hartle & Thorne 1968 ) contains a typo: in the r transformation, cos 2 θ should be replaced by − cos 2 θ. 7 To check this we used the Ricci identities in the NewmanPenrose formalism, expressing one second order angular derivative in terms of first order derivatives (which are convergent on our numerical grid). The numerical computation of that derivative is indeed convergent, and turns out to be in agreement with the result given by the analytic expression. angular derivatives and first order derivatives. Once we do this, the numerical calculation of the Weyl scalars turns out to be second order convergent on our numerical grid.
NON-TYPE-D-NESS OF THE EXTERIOR VACUUM
Using the procedure described in the previous Section we can compute the non-zero Weyl scalars ψ2 and ψ04 in the quasi-Kinnersley frame for all three metrics (HT, Manko and CST). Then we can evaluate the ratio |ψ04/ψ2| and the Non-Type-D-ness (1 − |S|). To avoid unnecessary complications, in the following we will restrict consideration to the equatorial plane.
In Fig. 5 we plot the ratio |ψ04/ψ2| as a function of the circumferential radius Rcirc for the CST metric. Throughout this section we will always refer to circumferential radii, which are operationally well-defined quantities (whatever approximation we use for the metric in the stellar exterior). For example, for a HT model the circumferential stellar radius on the equator is simply g
, where Re is the coordinate radius. The stellar radius in Manko coordinates ρe can be evaluated using the procedure described in Section 4.1 of BS. Once again, it's a simple matter to compute the corresponding equatorial circumferential radius
for the Manko models. Of course the fact that we are using different approximations for the metric will induce deviations between these stellar radii, but those deviations are typically below 1 % or so, even for the fastest rotating models.
In both panels of Fig. 5 , lines from bottom to top give |ψ04/ψ2| as a function of the circumferential radius Rcirc for different values of the rotation rate. Since the calculation only applies to the vacuum exterior spacetime, each line starts from the star's circumferential equatorial radius (Rcirc ≥ Re). |ψ04/ψ2| is not invariant (ψ04 is a curvature invariant, but ψ2 is not), but it has the advantage of being dimensionless. The plot shows that |ψ04/ψ2| has the essential properties required of a Non-Type-D-ness: first of all, slower rotating model are supposed to be closer to Type D, and indeed |ψ04/ψ2| is smaller; secondly, as Rcirc → ∞ the spacetime becomes asymptotically flat and |ψ04/ψ2| tends to zero. One may want to develop a 'quasi-Type-D' approximation for perturbations of rotating NSs in the framework of the NP formalism, similar to the Teukolsky formalism for BHs. In this context the perturbed ψ0 and ψ4 would represent radiation, typically decaying as 1/r. Then the value of the background ψ04 would be a useful number to consider for comparison. It is clear from Eq. (39) for the HT approximation and from Fig. 5 for the CST metric that ψ04 decays faster than 1/r.
In Fig. 6 we plot the invariant Non-Type-D-ness (1−|S|) as a function of the circumferential radius Rcirc for the CST metric. The qualitative behavior is the same as in Fig. 5 . For slowly rotating models (roughly speaking, for ǫ < 0.4), the lower lines in Fig. 6 show that deviations from speciality are at most of order 1 %. So in most astrophysical situations it may make sense to use a Type D approximation: that is, to consider the exterior spacetime of a rotating star as a Kerr background, small corrections being induced by the star's oblate structure. This Type D approximation might be particularly useful for imposing boundary conditions in the computation of gravitational waves from rotating relativistic stars. Indeed, the gravitational wave amplitude dies out only as 1/r, while our analysis shows that effects due to deviations from Type D die out faster than 1/r. Therefore, far enough from the star the gravitational wave amplitude should (in some sense) be large enough that we can ignore the error made by using the Kerr approximation. On the other hand, the Kerr metric usually has a quadrupole moment that is 2 to 12 times smaller than that of a rapidly rotating star (Laarakkers & Poisson 1999) . So, as long as we are in a regime in which the quadrupole moment affects the gravitational wave emission, the contribution of the quadrupole term will be underestimed by the corresponding factor. Only when we are far enough away that only the first-order terms in Ω matter do the neutron star and BH spacetimes agree. In this sense Kerr is not a good replace- ment for HT to order Ω 2 , because of the large difference in the quadrupole moment. Using HT to order Ω 2 should give a much more accurate waveform consistent to this order. A wave extraction formalism which is consistent to second order in Ω is therefore worth developing. Fig. 7 shows a close-up view of the strong field region of Fig. 6 . In red we overplot the Non-Type-D-ness we computed for the matching Manko models (when they exist: recall that the Manko solution can only be matched to fast rotating models). For both sequences and for all values of the rotation rate the Manko metric is closer to Type D than the corresponding numerical model. This is reasonable. The Manko metric has no multipole moments higher than the current octupole: its multipolar structure is simpler, so we would expect it to be 'closer to Type D'. One might think that the value of the Non-Type-Dness at the equatorial stellar radius, which is a physically well-identified location, could give an invariant measure of the deviation from speciality of each rotating stellar model. This is indeed the case for slowly rotating stars. In Fig. 8 we plot the value of (1 − |S|) at the equatorial circumferential stellar radius Re as a function of Re for our slowly rotating FPS 14 and FPS MM sequences. This quantity has the behavior expected of a Non-Type-D-ness in this rotational range: both for the CST metric and for the HT metric it increases with Re (and with the rotation rate). Furthermore, it is larger for the FPS 14 sequence than for the FPS MM sequence. Once again, this is reasonable: low-mass models are more oblate than high-mass models, and their exterior spacetime is expected to deviate more from that of a BH.
From Fig. 6 and Fig. 7 it is clear that, at a given circumferential radius, (1 − |S|) increases with the stellar rotation rate. However, for large rotation rates (1 − |S|) at the stellar equator does not increase monotonically with rotation: we show this peculiar effect in Fig. 9 . In other words, this single number cannot be used to measure the deviation from speciality of a very fast rotating stellar model. To understand the reason for this non-monotonic behavior we can look again at Fig. 7 . At any given circumferential radius Rcirc, (1 − |S|) does increase as the star spins faster. However the stellar circumferential radius (the value of Rcirc at which each line starts) increases as well, due to the centrifugal deformation of the star. The two effects compensate, so that (1 − |S|) at the stellar radius shows a maximum as a function of the rotation rate. From Fig. 9 we see that this maximum shows up at the same rotation rate both for the CST metric and for the Manko matching models.
CONCLUSIONS
In this paper we compared three different approaches to the computation of rotating relativistic star spacetimes: the HT slow-rotation approximation, the Manko analytic vacuum solution, and numerical solutions of the full Einstein equations obtained using the CST self-consistent field method. We first integrated the HT structure equations for five representative equations of state, keeping terms up to second order in the slow-rotation parameter ǫ. Then we matched these models to the CST solutions, imposing that the gravitational mass and angular momentum of the models be the same. We estimated the limits of validity of the slowrotation expansion computing deviations in the spacetime's quadrupole moments and in the ISCO radii at different rotation rates. We found that deviations in the quadrupole moment are ∼ 20 % for pulsars spinning with a period ≃ 1.5 milliseconds (the spin period of the fastest known pulsar, PSR J1939+2134). However, for these same spin rates deviations in the ISCO radii are always smaller than ∼ 1 %. Since the HT approximation gives excellent predictions for ISCOs up to the fastest known pulsar spin periods, it can safely be used whenever a full numerical solution would be too cumbersome to implement. In the second part of the paper we focused on the exterior vacuum spacetime. We compared the HT approximation and the Manko analytic solution with numerical models using coordinate-independent quantities. For all three spacetimes we first introduced symmetric transverse frames, in which the only non-zero Weyl scalars are ψ2 and ψ0 = ψ4 ≡ ψ04. From those frames we then selected what we call the 'quasi-Kinnersley' frame: the frame in which ψ2 is the only non-zero scalar when we set the parameters to reduce the metric to Type D. We computed ψ2 and ψ04 in this frame. The latter is a scalar curvature invariant (Beetle & Burko 2002 ) that vanishes for Type D, and therefore its value is a measure of what one would call 'Non-Type-D-ness'. For the HT metric the use of the quasi-Kinnersley frame led us to very simple analytic expressions for ψ2 and ψ04. Due to their simplicity, our Eqs. (39) and (40) may be useful in different contexts.
Finally we evaluated the (scalar curvature invariant) speciality index S introduced by Baker & Campanelli (2000) . Being dimensionless, (1 − |S|) is a better indicator of 'NonType-D-ness'. As ψ04, it increases with rotation rate and goes to zero at infinity for any given rotation rate. However, it is not easy to give a single number characterizing the NonType-D-ness of a given spacetime. One might think about using the value of (1 − |S|) at the stellar radius for this purpose. This idea does not work in practice: since stellar models become more and more oblate as rotation increases, (1 − |S|) at the stellar radius eventually shows a maximum as a function of the rotation rate.
Although deviations from Type D increase for fast rotation, our results show that they can be expected to be rather small (less than a few percent) for astrophysically relevant rotation rates. This suggests that, in perturbative calculations of gravitational wave emission, rotating star exteriors can reasonably be approximated as Kerr-like spacetimes, or that one could develop an appropriate quasi-Type D approximation. The tools we have illustrated here will help to quantify the accuracy of such approximations, and hence to estimate numerical errors involved in the calculations of gravitational waves from rotating relativistic stars. Table 1 . Results of the HT integrations for EOS A. From left to right we list: the central density ρc; the stellar radius R, gravitational mass M and binding energy E B for the non-rotating configuration; Ω * = (M/R 3 ) 1/2 . Then we give quantities of order ǫ in rotation: the radius of gyration R * g and the frame dragging function ω * c at the center (normalized by Ω * ). In the last five columns we give quantities of order ǫ 2 , namely the rotational corrections on radius (δR * /R), mass (δM * /M ) and binding energy (δE * B /E B ), the quadrupole moment Q * /(M R 2 ) and the eccentricity e * s . Units are given where appropriate. Table 2 . Same as in Table 1 , but for EOS AU. Table 4 . Same as in Table 1 , but for EOS L. Table 6 . Properties of HT models matching the slowest rotating CST models listed in Tables 1-5 of BS. For each EOS, on top we present matching models for the M = 1.4M ⊙ ('14') sequence; separated by an horizontal line, we give matching models for the maximum-mass ('MM') sequence. From left to right we list: the central densityρc for which we find a matching solution (if such a central density exists); the value of ǫ =J/J * at the given central density; the gravitational massM and the angular momentumJ, in geometrical units; the value of the quadrupole moment predicted by the HT equations of structure, Q HT , in geometrical units; the percentage deviation of the HT quadrupole moment from its value Q for the CST spacetime.
EOSρc (g cm −3 ) ǫM (km)J (km 2 ) Q HT (km 3 ) δQ (%)
